Abstract. For more than a century, estuarine exchange flow has been quantified by means of the Knudsen relations which connect bulk quantities such as inflow and outflow volume fluxes and salinities. These relations are closely linked to estuarine mixing. The recently developed Total Exchange flow (TEF) which uses salinity coordinates to calculate these bulk quantities allows an exact formulation of the Knudsen relations in realistic cases. There are however numerical issues, since the original method does not converge to the TEF bulk values for an increasing number of salinity classes. In the present study, this problem 5 is investigated and the method of dividing salinities, described by MacCready et al. (2018) , is mathematically introduced. A challenging yet compact analytical scenario for a well-mixed estuarine exchange flow is investigated for both methods, showing the proper convergence of the dividing salinity method. Furthermore, the dividing salinity method is applied to model results of the Baltic Sea to demonstrate the analysis of realistic exchange flows and exchange flows with more than two layers.
Introduction
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The Total Exchange Flow (TEF) analysis framework calculates time-averaged net volume and mass transports between enclosed volumes of the ocean and ambient water masses, sorted by salinity classes. Since ::::::::
oscillatory : inflow and outflow ::::::::::
components occurring at the same salinity compensate, TEF characterises the net exchange flow with the ambient ocean.
Salinity rather than density or temperature is used as a coordinate for calculating estuarine exchange flow, since only the salt budget is entirely controlled by the exchange flow. Therefore, salt is the only conserved quantity. In contrast, temperature and 15 thus density are additionally affected by the freshwater run-off and the surface heat fluxes.
A first bulk approach based on inflow and outflow salinity and volume transport had been developed and applied to the exchange flow of the Baltic Sea by Knudsen (1900) . The theoretical framework based on a continuous salinity space had first been developed by Walin (1977) , and later been applied to exchange flow in the Baltic Sea (Walin, 1981) . A comparable framework had been applied by Döös and Webb (1994) for quantifying meridional overturning circulation in the Southern
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Ocean. Both the bulk concept by Knudsen (1900) and the continuous concept by Walin (1977) had been consistently combined by MacCready (2011) who also coined the term Total Exchange Flow, TEF.
TEF considers a time-averaged transport of a tracer c, Q c , through the cross-sectional area A(S) :::::::: A(s > S), which has a salinity s above a specific value S. Q c is defined as Q c (S) =
A(S)A(s>S)
:::::
where u is the incoming velocity normal to A(S) ::::::: A(s > S) : with the definition that positive u brings water into the estuary and denotes temporal averaging. The exchange profile of tracer flux per salinity as functions : a ::::::: function of the salinity is then 5 obtained by differentiating Q c (S) with respect to S:
:::: 
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where for any function a, the positive part is calculated as (a) + = max(a, 0) and the negative part is calculated as (a) − = min(a, 0). In (5), S min and S max :::: S min ::: and ::::: S max are the minimum and maximum salinities. We will call this method of integrating positive and negative contributions separately to obtain Q 
Recently, Klingbeil et al. (2018a) :::::::
inflow and outflow salinities, s in and s out . The Total Exchange Flow provides one consistent calculation method for these bulk values, which for this case describe the net exchange flow. Burchard et al. (2018a) . Recently, MacCready et al. (2018) showed how the bulk 5 concept can be used to estimate the volume-integrated average mixing M (defined as the rate of reduction of the net salinity variance due to mixing) in estuaries: M ≈ s in s out Q r , i.e. the volume-integrated average mixing in an estuary is approximated by the product of inflow and outflow salinity with the estuarine freshwater supply. This mixing estimate by MacCready et al.
(2018) approximates the TEF-based exact formulations developed by Burchard et al. (2018b) .
Since the TEF analysis framework is continuous in salinity, a discretisation in salinity space is required when analysing 10 results ::: data from numerical model simulations or field observations. In their Appendix A2, Klingbeil et al. (2018b) an ::::::::: alternative :: to the sign method, defined in (5)with c = 1, and 
The bulk values for inflow and outflow are then obtained by integrating:
5
It should be noted that analytically and for smooth q c with only one zero crossing both methods coincide. We will show in Sect. 2 the different convergence behaviours and will show that the dividing salinity method indeed converges towards robust TEF bulk values, e.g. for in inflowing volume flux:
::::::::::::::::::::
where Q div in denotes the infowing :::::::: inflowing : volume flux computed with the dividing salinity method (7) for c = 1.
Obviously, this dividing salinity method ::::: Using ::: the ::::::::: maximum :: of :: Q : only works for classical :::::::: two-layer exchange flows. In Section 3 we will introduce an extended formulation of the dividing salinity method which includes inverse estuaries (outflow at high salinities and inflow at low salinities) as well as exchange flows with more than two exchange layers in salinity space.
Furthermore, in Section 3.2 the corresponding discrete description is presented. Afterwards in Section 4, the extended method 15 is applied to numerical output from a model of the Baltic Sea, before we conclude in Section 5.
Convergence analysis for an analytical classical exchange flow
To demonstrate the different convergence behaviours of the sign method and the dividing salinity method, we take the analytical example from Burchard et al. (2018b) . It describes a well-mixed tidal flow with oscillating salinity as it occurs e.g. in the Wadden Sea (Purkiani et al., 2015) . The velocity and salinity are given by
with the residual velocity u r < 0, the residual salinity s r , the velocity and salinity amplitudes u a > 0 and s a > 0 with s r −s a ≥ 0, the tidal frequency ω = 2π/T with the tidal period T , and the tidal phase φ. The tidally averaged salinity transport is given
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Zero residual salt transport therefore requires cos(φ) = −2 u r s r u a s a with u a s a ≥ 2|u r |s r . Fig. 1 shows an example for u(t), s(t) and u(t) · s(t) with A = 10000 m 2 , u r = −0.1 m s −1 , u a = 1 m s −1 , s r = 20 g/kg and s a = 10 g/kg resulting in φ = −1.16 = −0.185 · 2π. and s out = 12.748 g/kg. The analytical profiles for Q(S) and q(S) are shown Fig. 2d .
To visualise why only the dividing salinity method is converging towards the real bulk values, we ::: We created a time series of I = 10 5 time steps of (8) and computed q(S) and q s (S) for : a : varying number N of salinity classes between S min = 10 ::::::::
S min = 10 g/kg and S max = 31 :::::::: S max = 31 : g/kg, see Fig. 2 . In Fig. 2a (N = 128 ) the small N leads to smooth profiles for both q and Q. Profiles of higher numbers (N = 1024, N = 8092) of salinity classes exhibit more noisy q but apparently still smooth Q
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( Fig. 2b, smooth, but the noise is of course apparent since Q and q are dependent of each otheras from (2) follows
The differences of the noises are because of the scaling with the salinity bin size δS which decreases for increasing N . showing that indeed the dividing salinity method converges towards the correct bulk values. Interestingly, there is almost no difference for I = 10 3 and I = 10 4 , and I = 10 5 and I = 10 6 for the dividing salinity method which is due to the compensation of the added values in the data of u(t) and s(t). tidal period T :::: tidal ::::: period :::::: should :: be :::::::: resolved :::: with : at ::::: least :::: 1000 :::: time ::::: steps, meaning one data point every minute or less, to find the transports Q in with an error less than 0.1% with the dividing salinity method. This is due the strong time dependency of the problem. For a stationary problem one point in time would be sufficient to find the correct exchange flow.
3 Extended dividing salinity method
Mathematical formulation 5
Encouraged by the good convergence behaviour of the dividing salinity method demonstrated in the previous section, we introduce here a general formulation which includes inverse estuaries and exchange flows with more than two layers. The general idea is to identify the salinities which divide q c into inflowing and outflowing parts. This corresponds to zero crossings, dividing q c > 0 and q c < 0. Analytically : , the zero crossings are calculated by solving q c (S div ) = 0 for S div . But as the discrete q c might be very noisy with too many zero crossings, see Sect. 2, we propose finding the extrema of the discrete Q c profiles, 10 which share the same salinities as the zero crossings. Fig. 4 shows a hypothetical exchange flows of four layers, separated by five dividing salinities which can be sorted in ascending order: S min = S div,1 < S div,2 < S div,3 < S div,4 < S div,5 = S max .
::::::::::::::::::::::::::::::::::::::::::::
The fluxes ∆Q c j in each layer can be calculated by
Sdiv,j In the next step, inflow segments with ∆Q 
where m denotes the index with m = 1, 2, ··· . For a classical estuary, (11) reads as (7), where the only dividing salinity except 5 S min or S max :::: S min :: or ::::
The mixing relations of MacCready et al. (2018) and Burchard et al. (2018b) require only one value each for the inflow properties and outflow properties, respectively. These can be obtained from a multi-layer transect by applying weighted averages, i.e. for the inflowing bulk values: 
Discrete formulation
The output from a numerical model along a transect across an estuary is assumed to consist of I time steps with 1 ≤ i ≤ I and 1 ≤ k ≤ K which are spatial increments per each time step. The output should include collocated model data s 
where · is the integer truncation function. With this, the tracer flux increments are directly added to the respective salinity .
Using the extended dividing salinity method defined in (11), the calculation for the transports reads as
where n div,j and n div,j+1 describe the indexes, where two consecutive extrema of Q c are located. The dividing salinity indices 15 are calculated with an algorithm which searches Q for local extrema by comparing every entry Q n+1/2 to its nearest neighbours Q n−1/2 and Q n+3/2 . If Q n+1/2 is greater (smaller) than its two neighbours, n + 1/2 is stored as n div,j and denoted maximum (minimum). Afterwards, transports are computed according to (16) and only dividing salinities with transports greater than a threshold transport Q thresh are considered. Please see Appendix B for a detailed description.
Application to exchange flow in the Baltic Sea
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The Baltic Sea, shown in Fig. 6 , can be considered as a large estuary with a long-term averaged river run-off of around 16000 m 3 s −1 and about balanced precipitation and evaporation (Matthäus and Schinke, 1999) . In the estuarine classification diagram by Geyer and MacCready (2014) , the Baltic Sea has been classified as a fjord-type and a strongly stratified estuary, due to its relatively low run-off and relatively low mixing. The topography of the Baltic Sea consists of several basins of which the Gotland Basin in the central Baltic Sea, denoted as GB in Fig. 6 , is the largest with a water depth of about 240m ::: 240 ::: m. The as Major Baltic Inflows (MBIs, i.e. as well-mixed, barotropic inflows) during winter months (Matthäus and Schinke, 1999; Mohrholz et al., 2015) , or as baroclinic summer inflows (Feistel et al., 2004 . These large inflow events propagate as dense bottom currents from basin to basin, where they are subject to entrainment of overlaying less saline water. The volume of the inflows increases and their salinity decreases on the way into the Central Baltic Sea, where they ventilate the typically anoxic bottom layers (Reissmann et al., 2009 ). More frequent but weaker and less saline inflow events propagate through the towards the surface of the Central Baltic Sea has been identified as boundary mixing (Holtermann et al., , 2014 . However, recently double diffusion in the stratified interior has been discussed as another possibly efficient mixing process in the Baltic Sea (Umlauf et al., 2018) . Finally, various surface mixed layer processes mix the salt into the surface layer of the Baltic Sea,
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such that a horizontal surface salinity gradient is estblished ::::::::: established, with salinities varying from 25 g/kg in the Kattegat (K)
to 5 g/kg in the Bothnian Bay (BoB). A permanent halocline separates these surface waters from the saline bottom waters. The halocline is located approximately in 70-90 m depth in the Gotland Basin. In addition, a seasonal thermocline develops during summer between 10-30 m (Reissmann et al., 2009) . At times, salinity inversions occur in the strongly stratified thermocline, with surface waters being slightly more saline than waters in the thermocline (Burchard et al., 2017) .
Above the halocline, driven by wind, inflows and Earth rotation, a cyclonic circulation is generally present in the Central
Baltic Sea, with net northward flow in the east of Gotland and southward flow in the west of Gotland (Meier, 2007; Omstedt 5 et al., 2014) . This cyclonic circulation is also present in the deeper layers of the Central Baltic Sea, possibly driven by inflows and boundary mixing processes (Hagen and Feistel, 2007; Meier, 2007; . This deep-water mean circulation is overlaid by topographic waves and inertial oscillations (Holtermann et al., 2014) .
In the following, the numerical properties of the TEF analysis framework are tested against two transects of the Baltic Sea.
The first transect is located across Darss Sill, (D, red transect), in the western Baltic Sea over which part of the exchange with 10 the North Sea is occurringi :::::::: occurring, see Sect. 4.1. The second transect (green) is located in the Gotland Basin where we apply the extended dividing salinity method to the complicated multi-layer current system, see Sect. 4.2.
Exchange flow over Darss Sill
In their recent review paper, Burchard et al. (2018a) The horizontal resolution of the model is about 600 m, and the water column is discretised by 42 vertical adaptive layers, the thickness of which vary in time and space . The salinity, velocity and layer thickness data are interpolated to 20 95 locations equally spaced by ∆x = 545 m along the 52 km long Darss Sill transect which is directed in northwest-southeast direction, such that the number of data points per time step is K = 42 · 95 = 3990. The model output time step is ∆t = 3 h, such that I = 5840 time steps for two simulation years are stored. These 3-hourly values are consistently averaged using all baroclinic time steps and the Thickness-Weighted Averaging method 
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Application of the TEF analysis framework for N different salinity classes is shown in Fig. 7 , where a classical two-layer The values found in here with the dividing salinity method confirm that the found bulk values in Burchard et al. (2018a) are correct and did not experience great errors from using the sign method. Similar to the dependency of the TEF bulk values on I in :: the ::::::::: oscillating :::::::: exchange ::::: flow :: in : Sect. 2, we investigate the dependency on the frequency of model output ∆t in Fig. 7 . For that we averaged the raw Fig. 8a shows that the shape of Q(S,5d) is closer to the shape of the 3-hourly output, leading to more correct bulk values, which we expect to be accidental. The properties of the outflow follow a similar pattern with generally smaller deviations since the outflow does not depend as much on inflows events, not shown here. Fig. 8b also shows that for this simulation 12-hourly model output is enough to resolve the exchange flow properly, i.e. errors of less than 1%. main river input in the north the outflow Q out,1 is less saline than the inflow Q in,1 which experiences more entrainment of saline bottom waters during the recirculation. Q in,2 describes the net northward transport of the deep circulation which is fed with high salinities of the inflow events. Q out,2 is the corresponding deep net southward transport of less saline water which is homogeneous over a salinity range from ∼ 8 to ∼ 10 g/kg, see Fig. 9a . Further and more detailed TEF analyses of the dynamics in the Gotland Basin should be carried out in the future but will be not part of this study, as the focus lies on the 
Discussion and Conclusions
This study investigated the numerical issues of the Total Exchange Flow (TEF) analysis framework, proposed by MacCready (2011). Two existing calculation methods for the computation of the bulk values of an exchange flow, the sign method ( (5) MacCready (2011)) and the dividing salinity method ( (7) MacCready et al. (2018)) were compared in their respective convergence behaviours for an analytical test case. We could show that only the dividing salinity method converges towards the 5 analytical bulk values. The sign method relies on a smooth q profile, but q tends to become more noisy with increasing number of salinity classes (for constant temporal resolution), which leads to wrong convergenceto absolute values (??). The dividing salinity method on the other hand relies on a smooth Q. Although q is very noisy for a high number of salinity classes, Q allows a convergent and robust calculation of TEF bulk values. An extended formulation of the dividing salinity method is presented which includes exchange flows of more than two layers as well as inverse exchange flows. We showed the appli- that the output of the model for a transect which should be analysed by the application of TEF is strongly dependent on the physical mechanism controlling the exchange flow.
Based on our results we propose a best-practise ::::::::::: best-practice procedure for calculating TEF from a numerical model:
1. At the level of setting up a numerical model, the spatial (horizontal and vertical) resolution should be chosen as high as possible to reproduce return flows due to lateral eddies and smaller overturns. 4. The results should be analysed for a large range of salinity classes N with the dividing salinity method ( (11) and (12)) to 5 check the convergence of the TEF bulk values. In this study N ≈ 1000 salinity classes, ∼ δS = 0.02 g/kg, were sufficient enough for all three investigated examples with errors or deviations smaller than 0.1%.
5.
Visualisation of the exchange flow should still be done with a smooth q since it shows the inflows and outflows more clearly. We suggest to choose N ≈ 250 for estuaries with a wide range of salinities or a step size in salinity space of ∼ 0.05 g/kg, i.e. 20 steps per 1 g/kg, for estuaries with smaller salinity ranges.
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Code availability. Please request the authors if you are interested in the code used for this publication.
Appendix A: Analytical solution for Q(S) and Q s (S)
For the oscillating exchange flow given in (8), the analytical solution is given here for the volume flux profile Q(S) and the salinity flux profile Q s (S). According to (1), these profiles are calculated as 
with t (1) (S) = − 1 ω arccos S − s r s a + φ , t (2) (S) = 1 ω arccos S − s r s a − φ ,
which ensures that s(t) ≥ S for t (1) (S) ≤ t ≤ t (2) (S) and s(t) < S for t (2) (S) < t < t (1) (S) + T . q(S) is calculated according 
The dividing salinity can be calculated by finding the root of q(S). Solving (A4) with q(S div ) = 0 for S div :
The TEF bulk values can be calculated according to (7) and (4). insignificant extrema found. Therefore, transports are calculated according to (16), their absolute values |∆Q j | are compared to a given threshold value Q thresh , which we recommend to set to a value around : of : 0.01 · max(|Q|) m 3 s −1 . If the transport |∆Q j | is smaller than Q thresh , Q(S div,j) and Q(S div,j+2 ) are compared and only the greater (smaller) of the two is kept to ensure that the greater maxima (smaller minima) remains. The two dividing salinities which belong to the smaller (greater) transport are then not considered anymore. If the first or last extremum is involved in this procedure, only the extrema which is not the first 5 or last extrema is deleted. If this needs to be done, then the first or last extrema changes its property from either minimum to maximum or the other way round to ensure alternating minima and maxima. The last step is to adjust the first and last extrema to the index where Q n+1/2 starts to differ from Q 1/2 (low salinities) or where Q n+1/2 differs from 0 (high salinities). This step is not necessary for calculating the correct TEF bulk values since only the dividing part is important and not the exact value of the dividing salinity. Nevertheless, this procedure ensures that S div,1 is the salinity class next to min(s) and S div,J+1 is next to max(s), with J being the number of layers. Figure B1 shows the sensitivity of the number of dividing salinities on Q thresh for the data from Section 4.1 for N = 4096 salinity classes. In These are the exact same results as Fig. 7b , where Q thresh = 100 m 3 s −1 was used.
